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Numerical modelling of charge transfer using the ®nite element method within the whole active layer
of proton exchange membrane fuel cell (PEMFC) electrodes is proposed in order to study the
electrocatalyst utilization as characterized by the e�ectiveness factor. In this way, two modi®ed
approaches based on the thin ®lm and agglomerate models are developed for studying ionic ohmic
drop e�ects in the active layer at both the electrolyte layer and electrocatalyst particles scales. The
catalyst phase is considered to be a network of spherical nanoparticles instead of the classical
representation as a uniform distribution over a surface (thin ®lm model) or in a volume (agglomerate
model). Simulations point out unexpected e�ects at the local level due to the discrete distribution of
the catalyst phase as nanoparticles. Finally, the results are applied to the practical case of oxygen
reduction and hydrogen oxidation.
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1. Introduction

E�cient proton exchange membrane fuel cells
(PEMFC) require electrical characteristics such as
high current density and voltage as well as a mini-
mum volume. They also require minimum catalyst
loading (platinum) without lowering performance.
Modelling mass and charge transfer appears to be
indispensable to predict and optimize the PEMFC
electrode characteristics.

Many macroscopic models, such as the ¯ooded
agglomerate and thin ®lm models, have been devel-
oped to describe the working behaviour of these

electrodes. All these models consider the active layer
to be a continuous medium of carbon-supported
catalyst and recast Na®onâ. Consequently they are
not able to identify possible e�ects resulting from the
discrete distribution of the catalyst phase in the shape
of spherical nanoparticles. Stonehart [1] has sug-
gested that an interparticle e�ect occurs at the local
level due to the mutual in¯uence of particles on dif-
fusion when they are close together. Therefore it is
important to check if present attempts to increase the
Pt/C ratio o�er a realistic way of improving PEMFC
electrodes or risk failure because of limitations at the
particle level .

List of symbols

a interparticle distance �m�
b Tafel slope �V decÿ1�
d mean particle diameter �m�
F Faraday constant �96 500 Cmolÿ1�
l Na®on layer thickness �m�
i current density �Amÿ2�
io exchange current density per real catalyst

area �Amÿ2�
L active layer thickness �m�
n total number of electrons involved in the

electrochemical reaction
R gas constant �8:31 J Kÿ1 molÿ1�
T temperature �K�

Greek symbols
a transfer coe�cient
e e�ectiveness factor
U potential �V�
c real catalyst area / geometric area ratio
g local overpotential �V�
j ionic conductivity within the electrolyte

phase �Smÿ1�

Index
i index referring to the electrolyte membrane±

particle interface
o index referring to the gas±electrolyte interface

*This paper was presented at the Fourth European Symposium on Electrochemical Engineering, Prague, 28±30 August 1996.

JOURNAL OF APPLIED ELECTROCHEMISTRY 28 (1998) 269±276

0021-891X Ó 1998 Chapman & Hall 269



In previous work [2, 3], we investigated mass
transfer limitations from the whole active layer level
to the particle level. We showed the theoretical in-
¯uence of some geometrical e�ects at the local level
on transfer when considering di�usion and electro-
chemical reaction without ohmic drop. The present
work o�ers a microscopic approach, studying ohmic
drop and electrochemical reaction without di�usion
limitation, within the active layer. This provides in-
formation on the competition e�ect between neigh-
bouring particles and the ionic ohmic drop limitation,
not only for the whole active layer, but also at the
particle level. The results of the models are discussed
with reference to the hydrogen/oxygen PEM fuel cell
in order to optimize both the geometry of the active
layer and the distribution of catalytic nanoparticles
at, or close to, the gas±electrolyte interface.

2. Classical models

The porous active layer of a PEMFC electrode con-
sists of a solid polymer electrolyte (Na®onâ) pro-
viding good ionic conduction and an electrocatalyst
(platinum) deposited on carbon grains. Platinum is a
good catalyst for oxygen reduction and hydrogen
oxidation reactions in an acidic medium and many
studies have been performed to determine its prop-
erties under such conditions [4, 5]. Two main types of
model have been proposed to describe the mode of
operation of PEFMC electrodes: the homogeneous
¯ooded model [6] and thin ®lm models [7, 8]. These
can be used to deduce the current-voltage curves of
such electrodes by considering the active layer as a
continuous medium of carbon-supported catalyst and
recast Na®onâ. They generally use a Tafel law to
describe charge transfer kinetics at the catalyst sur-
face.

This last assumption results from the Butler±Vol-
mer law:

i � io
Cox

Co
ox

exp
anF g

RT

� �
ÿ Cred
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RT

� �� �
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which can be reduced, in the absence of any con-
centration gradient, to a single cathodic or anodic
term far from equilibrium, that is, for medium or
high values of current density.

For a PEMFC, the reduction reaction is charac-
terized only by a cathodic term:

ÿi � io exp
ÿ�1ÿ a�nF jgj

RT

� �� �
�2a�

and the oxidation reaction by an anodic term (2b):

i � io exp
anF g

RT

� �� �
�2b�

Kinetics can therefore be characterized by a single
equation using the slope b of the Tafel line:
b � 2:3 RT=anF or 2:3 RT =�1ÿ a� nF .

The reactant di�uses into the Na®onâ phase and
simultaneously reacts [9] at the catalyst interface. For

an isothermal system under steady state conditions
without any concentration gradient, the one dimen-
sional master equation can be written as:

@2Y
@x2
ÿ V exp�Y � � 0 �3�

This equation describes potential or overpotential
distribution in the catalyst layer from the dimen-
sionless parameters Y and V de®ned as

Y � 2:3jgj
b

and V � 2:3 ci0L=jb �4�

based on the overpotential g, the exchange current
density i0 and the slope b of the Tafel line.

The model, therefore, solves Equation 3 using a
numerical Runge±Kutta method taking into account
the boundary conditions: (i) an overpotential at the
membrane-active layer interface and (ii) zero ionic
current density at the gas-active layer interface.

The ¯ooded model considers that the Na®onâ and
the carbon supporting the electrocatalyst phase are
evenly distributed throughout the volume [9]. As a
consequence this model cannot take into account the
presence of gas pores within the catalyst layer and
therefore implies very strong di�usion limitations.

The thin ®lm model assumes that the catalyst is
distributed over a smooth surface under a thin ®lm of
electrolyte [10]. It considers gas pores and therefore
the ohmic drop limitations are no longer negligible.

The homogeneous ¯ooded model has demon-
strated the practical bene®ts of using a thin catalyst
layer because of the increase in the e�ectiveness fac-
tor with decreasing thickness of the active layer.
However theory also points out other advantages
resulting from the decrease of the ratio between the
active surface area and the geometrical area of cata-
lyst linked to an increase in the interparticle distance.

3. Mathematical model

3.1. Geometry of catalyst arrangement

The previous models did not take into account the
®ne structure of the active layer. In contrast, the aim
of our work here is to develop a microscopic nu-
merical approach to study the charge transfer in or-
der to point out geometric e�ects on the ohmic drop
at particle level in the same way as previously re-
ported for mass transfer [3].

The local e�ects have been analysed using three
models of systems presenting increasing complexity.
The ®rst model focuses on the competition e�ect
between neighbouring particles in a system consisting
of two isolated spheres located in the electrolyte
(Fig. 1). The two other models are devoted to geo-
metrical e�ects. The corresponding systems are hex-
agonal three-dimensional network of spherical
particles in the electrolyte for the ¯ooded agglomer-
ate case (Fig. 2) and hexagonal two±dimensional
network of hemispherical particles on a carbon plane
for the thin ®lm case (Fig. 3) [3].
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3.2. Basic equations

In the presence of many gas pores inside the active
layer, limitations by ionic ohmic drop through the
active layer may become stronger than the di�usion
limitations on which our previous studies were fo-
cused [2, 3].

Electrical charge conservation throughout the
Na®on membrane leads to the Laplace equation in
the absence of a proton concentration gradient:

r�j~r�U�� � 0 �5�
The current is therefore calculated by solving this
equation with the boundary conditions implied by
symmetry and interface conditions:

(i) a Dirichlet condition can be formulated for the
active layer±membrane interface:

g � g0 �6�
(ii) no ionic current can pass through any symmetry

plan or through the gas±membrane interface:

iionic � 0 �7�
(iii) a nonhomogeneous Neumann condition char-

acterises the membrane±particle interface. The
kinetics are assumed to be described by a Tafel
law reduced to Equation 2(a) or 2(b):

i � io exp 2:3 g=b� � �8�

Note that the equations are identical to those de-
scribing pure di�usion when the kinetic law can be
approximated by a linear relation, for which some
results have been already published [3].

3.3. Numerical solution

The equations written in dimensionless form are
solved using the ®nite element method with the
commercial software FLUX-EXPERTâ.

To implement the ®nite element method, Equa-
tion 5 is replaced by an integral form describing the
electrolyte surface �X� using a projective function a
according to Galerkin's method:ZZ

X

ar�ÿrrU�dS � 0 �9�

The strong integral formulation can be replaced by
a weak one by ®rst decomposing the product of a and
the divergence functions and then using the Green±
Ostogradski theorem to restrict the divergence term
to the boundary condition where it expresses the
nonhomogeneous Neumann condition for the cata-
lyst±particle interface. The identity between the ionic
ohmic current at the particle±electrolyte interface and
the charge transfer current makes it possible to take
into account the Neumann and symmetry boundary
conditions. A weak formulation is ®nally obtained:ZZ

X

rrarU dS �
Z
@X

a�ÿrrU� n dl �10�

Taking into account the boundary conditions, the
right term of Equation 10 may be expressed as a
function of the kinetic current density �@X� which
may in turn be expressed as a function of the over-
potential at the particle interface:ZZ

X

rrarU dS �
Z
@X

aio exp 2:3g=b� �dl �11�

This last equation can be used directly by FLUX-
EXPERTâ software. The classical ®nite element
method is performed by approximating the projective
function a and the unknown variable U using ®rst
and second orders polynomial functions.

3.4. Dimensionless formulation

When modelling charge transfer at the microscopic
level of active layers, it is necessary to consider both
electrochemical parameters (ionic conductivity j,
constants io and b of the interfacial kinetics law, total
overpotential measured on the active layer go) and
geometrical parameters (a, d, L, l as de®ned in Figs
1±3). The description of the problem under study
therefore generally requires eight parameters expres-
sed by three dimensions. Dimensional analysis can be
used to obtain a dimensionless formulation with only

Figs 1, 2 and 3. (Upper) Two isolated spheres. Competition be-
tween two particles. (Middle) Hexagonal 3D network of particles.
Flooded agglomerate model. (Lower) Hexagonal 2D network of
hemispheric particles. Thin ®lm model.
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4 independent parameters and one dependent vari-
able.

The dependent variable is the e�ectiveness factor,
e, which characterizes the electrocatalyst utilization.
It is de®ned as the ratio of the experimental electrode
current density to the maximal electrode current
density, ik, without limitations by ohmic drop and
di�usion [11]:

e � experimental current density

kinetic current density
(without mass and ohmic limitations)

� i
ik

�12�

The four independent parameters to be considered
are as follows:

(i) a geometrical dimensionless ratio (the ratio of
the interparticle distance or the Na®onâ layer
thickness to the mean particle diameter): a=d;
l=d or L=d;

(ii) the dimensionless ratio, V , as previously de®ned
from Equation 4;

(iii) an equivalent characteristic ratio, v, related to
the particle level:

v � 2:3 io�d=2�=jb �13�
(iv) the dimensionless overpotential ratio (total

overpotential measured on the active layer di-
vided by the Tafel slope):

Yo � 2:3 go=b �14�
In fact the dimensionless parameters V and v are

the reciprocal of modi®ed Wagner numbers, de®ned
as the ratios of the resistance to charge transfer at the
electrode and the ohmic resistance of the electrolyte
to migration. Here these resistances vary over the
width of the active layer as functions of the local
overvoltage g and are considered close to equilibrium
where the Tafel law can be approximated by a linear
equation from a ®rst order development and where
the resistance to charge transfer remains constant.

4. Simulation conditions

The variation ranges for the dimensionless parame-
ters V and v have been here mainly estimated from
the values of electrochemical and geometrical pa-
rameters encountered in PEM fuel cells using plati-
num as an electrocatalyst. Nevertheless, the lack of
accurate and consistent data for realistic working
conditions of PEFMCs led us to consider a temper-
ature close to 25 °C rather than within the range 70±
90 °C.

The geometry of the active layer is complex and
di�cult to characterize in detail; consequently the
geometric parameters (active and electrolyte layer
thicknesses, mean particle diameter and speci®c sur-
face area) can vary over wide ranges.

The dependence of mass activity on particle size
implies using catalyst particle diameters ranging from

1 to 10 nm [12] for an interparticle distance varying
between 1 and 40 nm [1]. The Na®onâ layer can be
characterized by a thickness from 100 nm to 1 lm
[11]. The active area to geometrical area ratio c
ranges between 1 and 100 for both the thin ®lm model
and the ¯ooded agglomerate model [11]. The ionic
conductivity of the electrolyte depends on tempera-
ture and water content and can vary between 1 to
10 S m)1 [13] while the total overvoltage of the active
layer is higher than j300j mV at the cathode and
lower than 150 mV at the anode.

For cathodic oxygen reduction, the kinetic pa-
rameters (exchange current density and slope of the
Tafel line) are well known in the literature [13, 14].
For anodic hydrogen oxidation [15], on the other
hand, they have been estimated only by a few works
and so must be considered to vary over a wide range.
These kinetic parameters are summarized in Table 1.
Table 2 reports the resulting variation ranges for the
dimensionless parameters used in the present study
for each electrode.

5. Results and discussion

The numerical approach using ®nite element method
was validated by comparing our present results to
well-known results for some classical limiting cases
(such as isolated catalytic spherical particles or planar
ohmic drop).

5.1. Case of two isolated spheres: competition
e�ect between neighbouring particles

The study of the competition e�ect between neigh-
bouring particles is carried out for the case of two
isolated particles. Simulation provides the variation
of the e�ectiveness factor as a function of the geo-
metric factor a=d (see Fig. 1) under mixed kinetic and
ohmic drop control (characterized by parameters v
and Yo).

Under interfacial kinetics limitation (for example
v < 10ÿ8, Yo < 18), the e�ectiveness factor does not
depend on the ratio a=d and it is close to unity.
Under mixed kinetics and ionic ohmic drop limitation
(e.g., v � 10ÿ8, Yo � 18), the e�ectiveness factor

Table 1. Kinetic parameters

Parameters io=A cmÿ2 b=mV decÿ1 g0=mV

Oxygen reduction 10)10 60±70 300±600

Hydrogen oxidation 10)3±10)2 30±120 <150

Table 2. Dimensionless parameters

Dimensionless

parameters

V v Yo

Oxygen

reduction

3� 10ÿ15±7� 10ÿ10 3� 10ÿ15±3� 10ÿ14 9±18

Hydrogen

oxidation

10ÿ8±10ÿ2 10ÿ8±10ÿ5 <11:5

272 Y. BULTEL, P. OZIL AND R. DURAND



decreases when a=d becomes smaller than 10. More-
over, the competition is increasingly important when
the parameter Yo (i.e., the total overpotential go) in-
creases, because in this case the interfacial kinetics
rate also increases (Fig. 4).

Under ionic ohmic drop control it can be stated
that the apparent speci®c activity decreases in a sig-
ni®cant way when the interparticle distance becomes
smaller than 10 times the particle diameter. A similar
result was previously obtained for mass transfer
limitation [2].

For oxygen reduction, the variation ranges for the
dimensionless parameters v and Yo (Table 2) lead to
ionic ohmic drops which are negligible related to
electrochemical kinetics. On the other hand for hy-
drogen oxidation, the competition e�ect is signi®cant.
It may, therefore, be concluded that for oxygen re-
duction, the competition e�ect is always masked by
kinetics while it may become signi®cant for hydrogen
oxidation.

5.2. Case of hexagonal 3D network of spheres:
¯ooded agglomerate model

This second case is devoted to the ohmic drop limi-
tations in a three-dimensional network of spherical
particles. In fact the three-dimensional problem is
reduced to two dimensions by considering that the six
symmetry planes P between two neighbouring par-
ticles de®ne a cylinder with an axis D. First, Fig. 5
presents the potential distribution within a part of the
active layer. The equipotential curves keep a quasi-
linear shape with a slight curvature close to the cat-
alyst particles.

Simulations point out the ionic ohmic drop limi-
tation at the local level through the parameter v, or
even at the whole active layer level through the pa-

rameter V . Moreover, they show that the competition
e�ect depends on the geometrical ratio a=d as for the
previous case of two isolated spheres.

Obviously, under kinetic control, the e�ectiveness
factor does not signi®cantly depend on either of the
two dimensionless parameters �V ; v� and remains
close to unity. On the other hand, under mixed ki-
netic and ohmic drop control, computations with
FLUX-EXPERTâ and the classical model both in-
dicate sti� decrease of the e�ectiveness factor as V
increases (Fig. 6). In the same way, the e�ectiveness
factor also decreases when the dimensionless pa-
rameter v increases (Fig. 7). These results demon-
strate that a strong limitation on the active layer
working behaviour is induced by the ionic ohmic
drop, not only at the whole active layer level, but also
at particle level. Consequently, a di�erence appears
between our results and the previous predictions be-
cause local ohmic drop limitation at the particle level
is not taken into account by the classical models
(Fig. 6). Furthermore, for a quasiconstant value of V
or v, the e�ectiveness factor decreases when other
parameters decrease (Figs 6 and 7). Consequently, the
ohmic drop limitation at particle level is added to the
ohmic drop limitation within the Na®onâ layer. This
is the most striking result of these simulations. As for
the ®rst case, the ohmic limitation increases with
parameter Yo, that is, when the total overpotential,
go, increases and the interfacial kinetics become
faster.

A slight competition e�ect between neighbouring
particles is shown in Fig. 8, under mixed kinetic and
ohmic drop control, since the e�ectiveness factor
steadily declines as neighbouring particles come
closer together. Nevertheless, this competition e�ect
�a=d� remains relatively small compared to the other
e�ects (V and v).

Fig. 4. E�ectiveness factor for two isolated spheres against a=d under mixed kinetic and ohmic drop control.

Fig. 5. Potential curves distribution in a part of active layer (anodic hydrogen oxidation).
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For oxygen reduction, ohmic drop limitation is
almost negligible at the particle level, whereas it acts
at the level of the whole active layer and can therefore
reduce its e�ciency. For hydrogen oxidation, obvi-
ously V and v slightly in¯uence the active layer
working behaviour, whereas the e�ect of parameter
a=d remains negligible. These results are di�erent
from those obtained for the di�usion limiting case [3].

5.3. Case of hexagonal 2D network
of hemispherical particles: thin ®lm model

The aim of the study is to point out the e�ects of ionic
ohmic drops, ®rst through the Na®onâ ®lm �V � and

secondly near catalyst particles �v�, as well as the e�ect
of competition between neighbouring particles �a=d�,
for di�erent settings of the total overvoltage �Yo).

Figure 9 shows that the conclusions obtained for a
3D network remain valid. First, the e�ectiveness
factor, which has a constant value close to unity
under kinetic control, decreases strongly under mixed
kinetic and ohmic drop control as the parameters V
or v increase. Secondly for almost constant values of
parameter V , the e�ectiveness factor decreases if pa-
rameter v increases. Here again the ohmic drop lim-
itation at the particle level is found to be added to the
ohmic drop limitation within the Na®onâ layer.
Moreover, the e�ect of parameter Yo is similar

Fig. 6. E�ectiveness factor for a hexagonal 3D network against parameter V (v � Ct, a=d � 10).

Fig. 7. E�ectiveness factor for a hexagonal 3D network against parameter v (V � Ct, a=d � 10).

Fig. 8. E�ectiveness factor for a hexagonal 3D network against a=d (V � Ct, v � Ct).
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(Fig. 9) to that found in the previous case and a slight
competition e�ect between neighbouring particles is
also found for the thin ®lm case under the same
conditions as previously (Fig. 10). Generally speak-
ing, the study leads to the same conclusions as for the
¯ooded agglomerate case.

6. Conclusion

In this study, the e�ects of the local geometry of
catalyst particle arrangement on ohmic drop within
the active layer were pointed out and studied using
dimensionless parameters.

The e�ect of competition of neighbouring particles
�a=d� is masked under kinetic control and remains
weak under mixed kinetic and ohmic drop control for
an interparticle distance less than 10 times their di-
ameter. More important, this study demonstrates the
ionic ohmic drop limitation at the particle level �v�
due to the discrete distribution of the catalyst as
nano-particles. Moreover the results clearly show
that this local limitation e�ect �v� must be added to
the planar ohmic drop e�ect �V � considered in clas-
sical models. These e�ects pertaining to interfacial
kinetics and ohmic drop through the Na®onâ layer
�V � or at particle level �v�, both indicate the advan-
tages obtained by reducing the electrolyte layer
thickness �L� and the mean particle diameter �d�,

thereby decreasing limitation by the ohmic drop
through the Na®onâ or at the local level.

As a consequence, for an active layer presenting a
high porosity, our simulations indicate that limitation
by ionic ohmic drop is no longer negligible compared
to di�usion. In such a case, it may be possible to
improve performance by locating the catalyst parti-
cles close to the conducting proton membrane. For
the opposite case of a non-porous layer, a distribu-
tion of the catalyst close to the gas inlet seems to be a
better solution because of the strong limitation due to
di�usion.

In further studies, we will present a microscopic
approach to study the mass transfer within the active
layer (di�usion and electrochemical reaction without
ohmic drop limitation) in order to optimize both the
geometry of the active layer and the distribution of
catalytic nanoparticles.
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